It is shown that ideals with respect to the canonical Lie (commutator) product in these algebras are exactly the linear manifolds that contain the images of their elements under the action of inner automorphisms induced by invertible spectral operators of scalar type. Jordan ideals in these algebras are identical with two-sided associative ideals and are also applied to a characterization of Lie ideals.
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It is well known that any associative algebra A becomes a Lie algebra and a
Jordan algebra under the products defined by [F, G] = FG -GF and F o G = (FG + GF) for F, G £ A, respectively. (The ground field is C.) A linear manifold L in A is called a Lie (Jordan) ideal if the corresponding (Lie or
Jordan) product belongs to L for every F £ A and G £ L. It is then a two-sided ideal with respect to the corresponding product. Similarly, by an associative ideal we shall understand a two-sided ideal under the associative multiplication.
Remarkable characterizations of the (not necessarily closed) Lie and Jordan ideals in the case when 77 is a complex infinite-dimensional separable Hilbert space and A is 5(77), the (associative) algebra of all bounded linear operators in 77, were described by Fong, Miers, and Sourour [3; Theorems 1 and 3] and obtained partly by Topping (see [3, 11] ). Fong and Murphy [4] showed that [3, Theorem 1] is valid in the nonseparable case, too. The purpose of this paper is to prove that [3, Theorems 1 and 3] can be extended in a suitable form for the case when the underlying complex Banach space is either Co or lp (1 < p < oo).
The proofs are based on some fundamental results of Pelczynski [9] on complemented subspaces and isomorphisms in the Banach spaces above. Owing to them, we can make use of several ideas, applied earlier in the case of a separable Hilbert space, which we shall not reproduce here in detail. For a reference on spectral operators see, e.g., the book of Dunford and Schwartz [1] .
For a bounded linear operator in a Banach space X, ker and im will denote its kernel and range subspace, respectively. An idempotent will be called any (1) L is a Lie ideal;
(2) U~XLU c L for every spectral operator of scalar type U in B(X), whose spectrum is contained in the unit circle; (3) N~XLN c L for every invertible spectral operator of scalar type N in B(X). A completely algebraic part of the proof of Theorem 1 in Pearcy and Topping [8] shows that any 2x2 operator matrix for which "trace" minus 47 is a commutator can be written as the sum of four idempotents. Hence T+ is the sum of eight idempotents and (1) follows.
Assume now (1), and let S be an involution, i.e., a square root of the identity If T = diag(7i, C) = (* °) in the direct sum X © X is invertible, then T is the product of six involutions. Let N be as in (3) . Applying essentially the method of the proof of [6, Problem 111], we can find an idempotent P commuting with N and such that dimPX = dim(7 -P)X = oo . By [9, Theorem 1], then PX ~ X ~ (7 -P)X.
Making use of the statement of the preceding paragraph, N is the product of six involutions, hence (3) holds. Theorem 2. Let X = c0 or X = lp (1 < p < oo). A subset of B(X) is a Jordan ideal if and only if it is an associative ideal.
Proof. An associative ideal is evidently a Jordan ideal. Assume now that J is a Jordan ideal, T £ J, and P is an idempotent in B(X) satisfying dim ker P = dimimP = oo. Then PTP = 2(ToP)oP-ToP belongs to J. By [9, Theorem 1], both kerP and imP are topologically isomorphic to X, so we can find a topological isomorphism Vx: ker P -► im P of these subspaces with the inverse V~x :imP->kerP.
Define The right-hand side idempotents here satisfy dim ker D = dimimT) = oo. Applying the preceding paragraph, we obtain that PT and TP belong to J for any idempotent P in B(X). By the proof of Theorem 1, each S in B(X) is the sum of eight idempotents, hence J is an associative ideal.
A result of Murphy [7] License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Proof. [7, Theorem 6] and Theorem 3 show that B has a proper finite-codimensional Lie ideal if and only if B has a proper finite-codimensional ideal. Gohberg, Markus, and Feldman [5] showed that the only proper closed nonzero ideal in B is the ideal of compact operators, which is clearly not finite codimensional.
